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INTRODUCTION

Previous studies
The behaviour of rectangular steel plates subjected to shear load was deeply studied in the last century. In consequence, several theories to predict the ultimate shear capacity of such members were developed. Some of them were taken as a reference and evolved in time and other ones were implemented in design codes. The most important methods to be mentioned are: Basler's model (1), Chern and Ostapenko (2), the Rotated Stress Field Model developed by Höglund (3) , (4) and the Tension Field Model developed in Cardiff and Prague by Porter et al. (5) and Rockey and Škaloud (6) .
Almost all ultimate-shear-strength models for tapered plate girders proposed in literature are derived from the previous presented models for rectangular plates. Several models for tapered girders were developed by: Falby and Lee (7), Davies and Mandal (8) , Takeda and Mikami (9) , Roberts and Newmark (10), Zárate and Mirambell (11) and Shanmugam and Min (12) . Recently, some other numerical studies have been published by Abu-Hamd M. and Abu-Hamd I. (13) . In most cases, the models are based on an assumption of a simply supported rectangular plate and do not consider either the actual boundary conditions existing in the flange-web-, stiffener-web-junctions or the geometry of the tapered steel plate girder. In the last years, some researchers, among others Lee et al. (14) , Mirambell and Zárate (15) and Estrada et al. (16) have proved the importance of these effects. The importance of the so-called "Resal effect" which appears in tapered plate girders was also explained in the other work of Zárate (17) .
On the other hand, the current European design norm EN 1993-1-5 (18) states that the design rules for the assessment of the ultimate shear resistance of prismatic members may be applied to non-rectangular plate girders if the angle of the inclined flange does not exceed 10°. For larger angles, panels may be assessed assuming it to be a rectangular panel based on the larger of depths of the panel. Previous research conducted by Bedynek et al. (19) demonstrated that for some geometry of such panels, the ultimate shear strength results might be significantly overestimated. It happens because of the specific behaviour of tapered panels and the Resals' phenomenon.
In this research an attempt of an extension of the existing design rules included in EN 1993-1-5 for non-prismatic panels were done. Various geometrical parameters such as: the aspect ratio of the panel, the slope of the inclined flange and the web and flange slenderness were taken into account. Moreover, a new mechanical model for assessing the influence of the Resal effect was developed and included in the final version of the proposal for calculating the ultimate shear resistance of tapered steel plate girders subjected to shear and shearbending interaction.
Ultimate shear strength for plate girders
Different theories have been developed to analyse the behaviour of steel plated girders subjected to shear, and some of them are used nowadays in design codes. The Rotated Stress Field Method (4) is the one implemented in EN 1993- 1-5 (18) . This method is based on the assumption that the web panel is under a pure shear stress state caused by a shear force in the slender web before buckling occurs (principal stresses are equal and opposite). Once buckling occurs, compression stress is close to the critical shear buckling stress and therefore, the increase of load is resisted by an increase of the principal tensile stress, until the moment that the yield criterion is fulfilled in the web. The inclination of the principal stresses varies as the load increases. The contribution of the flanges in the resistant mechanism is included considering that the tension band anchors in the flanges until a four hinge mechanism leads to the collapse of the girder (see Figure 1) . A more detailed explanation of the failure mechanism in plated girders subjected to shear can be found among others in the works of Johansson et al. (20) or Maquoi and Skaloud (21).
RESAL EFFECT
General
The results obtained by Bedynek et al. (19) show that tapered plate girders can be classified into four typologies. The dif- ference among them consists in the direction of the diagonal tension field, which can develop on the shortest or the largest diagonal of the web panel and in the stress state in the inclined flange (tension or compression). These typologies are presented in Figure 2 .
For the girders belonging to typologies I and III the diagonal tension field develops on the shortest diagonal of the web panel and the inclined flange is under compression or tension, respectively. For typologies II and IV the diagonal tension field appears on the longest diagonal of the web and the inclined flange is under tension or compression, respectively. Different behaviour observed within each typology of tapered panels also influences their ultimate shear resistance.
Moreover, research conducted by Zárate and Mirambell (11) confirmed that in tapered plate girders an additional vertical load derived from the axial force in the inclined flange appears and its influence on the ultimate shear resistance of the whole web panel should be taken into account. This phenomenon is known as Resal effect (Samartín (22) , Florida Department of Transportation (23)) and may cause an increase or decrease of the ultimate shear resistance in tapered plate girders. Its positive or negative influence is strongly correlated with the typology of the web-panel. Graphical illustration of the Resal effect in all considered typologies is given in Figure 3 .
For those cases where the moment of inertia of the crosssection increases with the increase of internal forces (typolo- Using the principle of virtual works, two unknowns X 1 and X 2 can be found and expressed by Eqs. 1 and 2:
where a is the frame length and ϕ is the angle of the inclined flange (Figure 4 ).
From the equilibrium of upper right hinge, the axial force N in the inclined flange can be found (Eq. 3):
Next, the Resal force was calculated as the vertical component of axial force N and for all typologies is given by Eq. 4:
As it was mentioned before, the Resal effect for tapered plate girders from typologies I and II is favourable. Thus, reduced shear force V red should be calculated according to Eq. 5:
For typologies III and IV the Resal effect has a negative influence and V red is given by Eq. 6:
3. NUMERICAL STUDY
Parametric studies were conducted on 85 tapered panels belonging to four typologies. The girders varied by geometric parameters such as the aspect ratio α = a/h 1 , the slope of the inclined flange ϕ and the web thickness t w . The range of dimensions for the studied models is presented in 
Theoretical mechanical model
Since there is still observed a shortage in bibliography focused on the Resal effect in tapered steel plate girders, additional studies are needed to better understand its actual role.
The study on the influence of the Resal effect starts from defining a simplified two-dimensional mechanical model with simplified boundary conditions in some characteristic nodes ( Figure 4 ).
The main objective of this section is to find a direct correlation between Resal force and the shear load acting on the girder. The model represents a rigid frame consisting of flanges and transversal stiffeners only. It is assumed that all the internal forces are transmitted only by surrounding rods of the frame (excluding contribution from the web). In fact, this simplification is used in order to find an approximated value of the Resal force, not its exact value. The boundary conditions reproduce the real ones: simply supported on the one end without bending moment along the shortest depth and with maximum constant bending moment along the rod representing the central cross-section (the largest depth for typologies I and II). Similar idea of simplification of tapered plate girder by rod structure (in that case by truss) was proposed by Davies and Mandal (8) .
Solving the hyperstatic frame with two unknowns X 1 and X 2 , it is possible to find a contribution of the internal forces from the flanges and from the transversal stiffeners. Consequently, the axial force N ( Figure 4 ) in the inclined flange will be known. The Resal force is obtained directly by projecting the axial force N on the vertical axis.
Full procedure of determining the Resal force will be explained for the typology I, however, only the most important steps will be pointed out. Other typologies were analysed in the same way and their final expressions for calculating the Resal force will be presented. tween web and flange panels in the continuous span of the girder. The numerical model is thought to be rigid endpost. The modelled girder is simply-supported on two edges and its boundary conditions are presented in Figure 5 and Table 2 .
Two different analyses have been considered in this study.
First an eigen-value analysis to obtain the critical shear load as the first eigen-value and to obtain the deformed shape for the critical shear load as the first eigen-vector. The second analysis is a geometric and material nonlinear analysis to reproduce the postbuckling behaviour of tapered plate girders up to failure. Geometric imperfections should be introduced in the model in order to develop the second order effects in the web panel. In this case, the deformation corresponding to the first eigen-mode was used.
The numerical model validation based on four experimental tests was presented in Bedynek et al. (19) . In the same paper the results from the analysis on the structural imperfections in tapered steel plate girders were shown. The studies proved that this kind of structures is not susceptible to the residual stresses and their consideration may decrease the ultimate shear resistance not more than 2 %. For this reason only the geometrical imperfections derived from the deformed shape of the web-panel corresponding to the 1 st positive eigen-value were used in the analysis. Also the magnitude of the geometric imperfections was scaled according to EN 1993-1-5, Annex C.5 (18) what in practice means that the maximum amplitude was on the level of the 80% of the geometric fabrication tolerances.
panel length a = 800 mm, web thickness t w = 4 mm, flange width b f = 180 mm and flange thickness t f = 15 mm (see Figure 1) . Due to the large amount of analysed cases, only selected results will be presented.
Numerical model
In the initial part of the numerical study several nonlinear analyses were performed on the tapered plate girders with use of quad-dominant 4-node shell element S4R5. This finite element, with 5 degrees of freedom (in each node) and linear shape functions, is especially suitable for modelling shell surfaces where large rotations and displacements are expected. A convergence analysis allowed setting the mesh density with a mesh size of 20 mm for all modelled cases. The nonlinear analyses were conducted with the Modified Riks algorithm implemented in ABAQUS (24) . Due to the simple shape of the modelled tapered girders, the mesh used in the numerical model could be generated automatically.
All numerical simulations were done using the same bilinear material model with kinematic hardening: steel S275 with yield stress f y = 275 MPa, Young's modulus E = 210 GPa and Poisson ratio ν = 0.3.
The beams are modelled with a full 3D model for tapered plate girders to reflect the actual boundary conditions be- 
Proposal for the design shear resistance in tapered steel plates based on EN 1993-1-5
A new proposal for determining the design shear resistance for tapered steel plate girders based on the existing design rules in EN 1993-1-5 (18) and considering the Resal effect obtained by the simplified model explained above is presented here.
The new proposal is valid for slender, rigid end-posted girders, whose slenderness parameter λ w > 1.8. Moreover, in this part of the research according to the assumption made for the studied cases, the shear-bending interaction may be neglected. EN 1993-1-5 states that for the cases where the design bending moment M Ed is smaller than the resistant moment of the cross-section consisting of the effective area of the flanges M f,Rd , the shear-bending interaction can be omitted.
According to EN 1993-1-5 (18) the design shear resistance V b,Rd for plate girders should be taken as [7] where contribution from the web is V bw,Rd = χ w f yw h w t w 3 γ M1 [8] being χ w the shear buckling reduction factor, f yw the yield stress of the web, h w the depth of the web panel, t w the web thickness and γ M1 the partial safety factor. Table 3 ).
ULTIMATE SHEAR RESISTANCE ACCORDING
In order to illustrate the differences when ultimate shear resistance of tapered panels is calculated using EN 1993-1-5 simplification for tapered panels, results for some of the studied girders are presented in Table 3 . In the column titled "Diff. (1) ", differences between the numerical (FEM) and analytical (EN 1993-1-5) values of the ultimate shear resistance V u are shown. The aspect ratio of the girders "A" and "B" is α = 1 and α = 2, respectively.
New approach which gave better assessment of the ultimate shear resistance for typologies III and IV was presented by Bedynek et al. (19) . The ultimate shear resistance V u calculated as for a rectangular plate was multiplied by a reduction ment M Ed is calculated. Consequently, for tapered plate girders from typologies I and II, the largest depth h w = h 1 should be used and for typologies III and IV the smallest one h w = h 0 (see Figure 2 ).
Contribution from the web
For typologies I and II, the best assessment of their ultimate shear capacity is obtained when in Eq. 8 for the contribution from the web, the depth h w is substituted by the largest one h w = h 1 (Eq. 13). The contribution from the web for typologies III and IV should be calculated using the smallest depth h w = h 0 (Eq. 14).
V bw,Rd = χ w f yw h 1 t w 3 for typologies I and II [13] V bw,Rd = χ w f yw h 0 t w 3 for typologies I and II [14] From the comparison of the results given in Table 4 is easy to observe that ultimate shear resistance between various typologies of tapered plate girders may vary significantly. The ultimate shear strength V u of girders belonging to typologies I and II is always higher than for the same girders from typologies III and IV. This difference can be caused by two important factors which are: the Resal effect, whose influence in case of typologies I and II is favourable and for typologies III and IV unfavourable, as well as the shear capacity of the web V bw,Rd (Table 4 ).
The web contribution V bw,Rd for tapered plate girders has been evaluated by analysing the shear buckling reduction factor χ w from new 85 numerical simulations. The numerical values of χ w have been obtained from Eqs. 11 and 12, subtracting from the numerical value of the ultimate shear resistance the contribution from the flanges (Eq. 9) obtained
The contribution from the flanges is given by:
where b f is the flange width, t f is the flange thickness and f yf is the yield stress of the flanges.
In the last expression c is the distance between the plastic hinges in both flanges (Eq. 10). c = a 0.25
M Ed is the design bending moment calculated at mid-span cross-section M Ed = a V Ed , and M f,Rd is the moment of resistance of the cross-section consisting of the effective area of the flanges only.
Eqs. 11 and 12 show how to take into account the Resal effect when calculating the ultimate shear resistance of tapered plate girders. For typologies I and II the Resal effect is favourable and reduces the design value of the shear force V Ed . Thus, the design shear resistance should be verified according to Eq. 11:
For typologies III and IV its influence is unfavourable increasing the external shear load (Eq. 12):
Contribution from the flanges
For tapered plate girders the depth h w used to calculate the distance c in Eq. 10 should be taken as the depth corresponding to the central cross-section when the design bending mo- concluded that better approximation (Figure 6b ) may be achieved by using the modified value of the shear buckling reduction factor χ w given by Eq. 16:
ANALYSIS OF THE RESULTS
Shear
Based on the same examples of the girders presented in Table  3 , the results for the ultimate shear resistance V u obtained according to three different methods are compared in Table 4 . The values shown in the first column V u (FEM) come from the numerical analysis and they are compared with the proposal by Bedynek et al. (19) , in column "Diff. (2) ". The following columns represent the contribution from the web V bw,Rd , the contribution from the flanges V bf,Rd and the Resal effect V Resal calculated according to the proposal. The final values of the ultimate shear strength can be found in the column called V u (new proposal) and in the last one "Diff. (3) " these values are compared with the numerical ones. The data from Table 4 refers only to several examples of the studied girders.
The results for the 85 girders obtained according to three methods: EN 1993-1-5, the proposal by Bedynek et al. (19) according to EN 1993-1-5 (18) . Thus, the expression for χ w for typologies I and II stays unchanged (Eq. 15) and for typologies III and IV is given by Eq. 16.
χ w = 1.37 0.7 + λw ( ) [15] Here, it is important to point out that for all typologies of tapered plate girders, the slenderness parameter λ w , is always calculated as a simply supported rectangular panel with its largest depth, regardless of the typology.
Numerical results for the shear buckling reduction factor are presented in Figure 6a -b and compared with the actual proposal in EN 1993-1-5 (18).
As it can be observed in Figure 6a , the expression for calculating the reduction factor χ w (Eq. 15) proposed in EN 1993-1-5 (18) gives good approximation for end-posted tapered girders for typologies I and II whose slenderness parameter λ w ≥ 1.8.
On the other hand, from the results shown in Figure 6b , it is possible to find a better adjustment of the shear buckling reduction factor χ w for tapered plate girders belonging to typologies III and IV. From the numerical analyses of above 40 end-posted tapered plate girders with the slenderness parameter λ w ≥ 1.8 belonging to typologies III and IV, it is pure shear load presented in Bedynek et al. (19) . The results are presented in Table 5 , and the differences oscillate between 12.5-16.5 %.
Shear-bending interaction
EN 1993-1-5
For the cases where the design bending moment M Ed is higher than the moment of resistance of the cross-section consisting of the effective area of the flanges M f,Rd and less than the plastic moment of the resistance of the cross-section M pl,Rd (M f,Rd < M Ed < M pl,Rd ), the shear-bending interaction should be considered. According to EN 1993-1-5, if V Ed > 0.5 V bw,Rd the combined effects of bending and shear in the web of a I girder should satisfy Eq. 17.
and the new one are presented in Figure 7 and compared with the results derived from the numerical simulations. Significant improvement caused by applying the new proposal is especially noticeable for typologies III and IV. As it can be observed all values of the ultimate shear strength obtained according to the new proposal are on the safe side and show very good agreement with the numerical tests.
In Figure 8 a statistic distribution of the difference between the numerical results and those obtained according to the new proposal are shown. Almost for all cases these differences does not exceed 25 %. Only for 3 from 85 studied girders (3.5 % of all tests) the difference is greater than 25 %, but always less than 35 %. For 72 % of studied girders the differences are smaller than 15 % what confirms very good accuracy of the new proposal.
The verification of the new proposal was also conducted using the experimental data from three of the four tests under In general, it can be observed that results obtained according to the new proposal give a very good agreement with the numerical ones, and only for typology III, the values of the ultimate shear resistance are slightly overestimated (not greater than 2 %). When calculating V u,red , the partial safety factor, included in design codes, was not taken into account, so its application may bring unsafe values of V u,red on the safe side.
In Figure 9 a graphical comparison of the obtained results is shown. As it was mentioned before for typologies I and II, the benefits from the application of the new proposal are observed in all cases, however the improvement is rather small (up to 2 %).
On the other hand, for typologies III and IV the use of the new proposal improves the results and gives a good assessment for the ultimate shear resistance.
CONCLUSIONS
In this paper the structural response of tapered steel plate girders subjected to shear and shear-bending interaction has been studied. Numerical research has considered four different typologies of such girders which have been studied separately.
A new proposal for the assessment of the ultimate shear resistance of tapered steel plate girders on the existing design rules in EN 1993-1-5 and considering the Resal shear value obtained by a simplified model has been presented.
A simplified model to obtain the value of the shear load produced by the Resal effect has been presented, then the shear force acting in the web can be reduced in typologies I and II or increased in typologies III and IV when verifying the shear resistance of the web.
Some numerical analyses considering shear-bending interaction in tapered steel plate girders for the four different typologies studied in this research have been conducted and the results are presented in the next section.
Comparison of results
In order to check the validity of the new proposal for tapered plate girders under shear-bending interaction, twelve new cases, three for each typology were examined. It is necessary to mention that the situation where influence of bending moment on the ultimate shear is significant and may lead to its reduction is not very common. It happens due the fact that design bending moment M Ed derives from the vertical reaction in the support (ultimate shear force) and in order to achieve its significant level, the span length of the tapered girders should be long enough and the flexural resistance of the flanges should be relatively low, which is not usually recommended from the design point of view.
In this section, the geometries of the studied girders were designed in order to fulfil condition about the design bending moment at the mid-span cross-section (calculated as the distance a multiplied by V u ) which should be greater than the moment of resistance of the cross-section consisting of the effective area of the flanges, M Ed > M f,Rd and V cr < V u .
The values of V u red (Table 6) In the first three columns of Table 6 Presented design proposal not only provides a satisfactory tool for the assessment of the ultimate shear resistance of tapered steel plate girders but also reveals its physical interpretation and respects individual contributions of all parts. Therefore, with use of the proposed method all components of the ultimate shear strength of the whole girder such as: the contribution from the web and flanges or Resal force can be found. This improvement was possible especially thanks to division of tapered plate girders into four different typologies which required an individual analysis according to their geometry.
It is important to point out that the main objective of this proposal is not thought to substitute or change the existing rules EN 1993-1-5 for rectangular plate girders, but only to give a simplified algorithm to assess an approximated value of the ultimate shear resistance of tapered members with considerable slope of the inclined flange. It is strongly recommended to treat the proposal as a reference and for the cases where the high precision is required an additional numerical study of specific girder is needed.
Based on the results obtained from 85 numerical simulations (approx. 20 for each typology) some modifications in expressions proposed by EN 1993-1-5 for rectangular plate girders were made for their application to tapered plate girders. First, the value of the depth used when determining the contribution of the web and used to calculate the distance c between two plastic hinges in the flange has been defined as h w = h 1 for typologies I and II or h w = h 0 for typologies III and IV.
Moreover, a new adjustment of the reduction factor χ w has been presented for typologies III and IV.
A very good agreement between the results obtained according to the new proposal V u (proposal) and numerically V u (FEM) is observed. In the case where the shear-bending interaction is not considered, the differences between the values of the ultimate shear strength V u (FEM) and V u (proposal) do not exceed 33 %, whereas in most cases these differences are less than 15 %.
The same design proposal was applied for tapered steel plate girders subjected to shear-bending interaction. Due to presence of the significant bending moments at the mid-span cross-section, an additional reduction of the ultimate shear resistance had to be done. Validation of the new proposal was carried out for 12 girders, 3 from each typology. Also here, a good agreement between the results obtained numerically and these calculated according to the proposal was observed. A significant improvement of the results was especially visible for typologies III and IV. 
